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We revisit the MIC-harmonic oscillator in flat space with monopole interaction and
derive the polynomial algebra satisfied by the integrals of motion and its energy
spectrum using the ad hoc recurrence approach. We introduce a superintegrable
monopole system in a generalized Taub-Newman–Unti–Tamburino (NUT) space. The
Schro¨dinger equation of this model is solved in spherical coordinates in the framework
of Sta¨ckel transformation. It is shown that wave functions of the quantum system can
be expressed in terms of the product of Laguerre and Jacobi polynomials. We con-
struct ladder and shift operators based on the corresponding wave functions and obtain
the recurrence formulas. By applying these recurrence relations, we construct higher
order algebraically independent integrals of motion. We show that the integrals form
a polynomial algebra. We construct the structure functions of the polynomial algebra
and obtain the degenerate energy spectra of the model. Published by AIP Publishing.
https://doi.org/10.1063/1.5012859
I. INTRODUCTION
The connection between quantum models and magnetic monopoles and integrable and super-
integrable systems is well-known. In this paper, we show that the same connection applies to the
harmonic oscillator with Abelian monopole using the recurrence approach. To our knowledge, the
recurrence approach had not previously been applied to Hamiltonian systems with magnetic monopole
interactions.
In classical and quantum mechanical systems, a constructive approach is one of the powerful
tools to derive integrals of motion. The first- and second-order ladder operators have been used by
several authors to construct integrals of motion and their corresponding polynomial algebras.1–5 There
are many distinct approaches for the constructions of integrals of motion using higher order ladder
operators (see, e.g., Refs. 6–14). In fact, there is a close connection between the recurrence approach
and special functions and orthogonal polynomials.15 The operator version of recurrence relations, their
algebraic relations,16,17 and connection to Lissajous models related to Jacobi exceptional orthogonal
polynomials were investigated.18 Recently the authors in the present paper applied coupling constant
metamorphosis to systems amenable to the ladder operator method.19 However most of these previous
studies have been restricted to systems with scalar potentials.
Superintegrable systems with non-scalar potentials such as spin,20,21 magnetic field, and magnetic
monopole22–26 have recently attracted much interest. In Ref. 27, a quantum superintegrable system
in the field of Kaluza-Klein magnetic monopole was studied. We are interested in a superintegrable
monopole system in space with Taub-Newman–Unti–Tamburino (NUT) metric. The geodesic of
the Taub-NUT metric appropriately describes the motion of well-separated monopole-monopole
interactions (see, e.g., Refs. 28–33). Recently we introduced a Kepler quantum monopole system
in a generalized Taub-NUT space which includes the Kaluza-Klein and MIC-Zwanziger monopole
systems as special cases.34
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The purpose of the present paper is twofold: First, we revisit the MIC-harmonic oscillator in the
field of magnetic monopole in flat space25 by means of a somewhat ad hoc recurrence approach. We
construct the integrals of motion and (polynomial) algebraic relations satisfied by them. This enables
us to present an algebraic derivation of the energy spectrum of the system. Second, we introduce a new
MIC-harmonic oscillator type Hartmann system with monopole interaction in a generalized Taub-
NUT space. We construct its integrals of motion using recurrence relations based on wave functions.
We show that the integrals satisfy a higher order polynomial algebra and apply this algebraic structure
to derive the energy spectrum.
II. MIC-HARMONIC OSCILLATOR WITH MONOPOLE IN FLAT SPACE
The problem of the accidental degeneracies in the spectrum of a harmonic oscillator in the field
of magnetic monopole was investigated in Refs. 25 and 35. In this section, we revisit this model using
a somewhat ad hoc recurrence method.
Consider the Hamiltonian with monopole interaction
H =
1
2
[
p2 + c0r
2
2
+
Q2
r2
]
, (2.1)
where pi = i∂i  AiQ; A1 = −yr(r+z) , A2 = xr(r+z) , and A3 = 0 are the 3 components of the vector potential
associated with the magnetic monopole; c0 and Q are constants. This system is the well-known MIC-
harmonic oscillator.35 Setting Q2 = λ and c02 =ω2, the Hamiltonian becomes the one in Ref. 25. The
total angular momentum of the system reads as
L= r × p − Q r
r
. (2.2)
The eigenvalues of L2 are, as usual, of the form l(l + 1) with l = Q, Q + 1, Q + 2, . . .. Let
T =−1
4
(r.p + p.r), S =− 1
2ω
(
1
2
p2 + Q
2
2r2
− ω
2r2
2
)
. (2.3)
Then T, S, and 12ωH satisfy the O(2, 1) commutation relations and eigenstates of H belong to irre-
ducible O(2, 1) representation spaces.25 The eigenvalues of H are of the form 2ω(d+l + n), where n
= 0, 1, 2, . . . and d+l =
1
2 {1 + (l + 12 )}. As pointed out in Ref. 25, a complete set of quantum numbers
is obtained by simultaneously diagonalizing H, L2, and L3. The action of H, L2, and L3 on the basis
vectors |n, l, m〉 is given by
H |n, l, m〉= 2ω(d+l + n)|n, l, m〉, n= 0, 1, 2, . . . , (2.4)
L2 |n, l, m〉= l(l + 1)|n, l, m〉, l = |Q|, |Q| + 1, . . . , (2.5)
L3 |n, l, m〉=m|n, l, m〉, m=−l,−l + 1, . . . , l − 1, l. (2.6)
The physical energy spectrum of H is found to be
Ek =ω(k + 32), k = 2n + l. (2.7)
Introduce25
ai =
1√
2
(ui + i
ω
u˙i) and a†i =
1√
2
(ui + i
ω
u˙i), (2.8)
where ui =
ijk√
2
(Ljrk + rkLj) and u˙i = ijk√2 (Ljvk + vkLj), i, j, k = 1, 2, 3. They also satisfy the commutation
relations [H, a†i ]=ωa
†
i and [H, ai] = ωai. Let
A=
1
2ω
(H + ωB − ω), H± ≡ S ± iT , (2.9)
where B=
√
L2 + 14 , which is a well-defined operator.
25
We now construct ladder operators
AX+ =Aa†3 − H+a3 and X−A= a3A − a†3H−. (2.10)
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Then on the basis vectors |n, l, m〉,
H+ |n, l, m〉=√(n + 1)(n + l + 32 )|n + 1, l, m〉, (2.11)
H− |n, l, m〉=√n(n + l + 12 )|n − 1, l, m〉, (2.12)
a3 |n, l, m〉= c0(n, l − 1, m)|n, l − 1, m〉 + c1(n − 1, l + 1, m)
× |n − 1, l + 1, m〉, (2.13)
a
†
3 |n, l, m
〉
= c∗0(n, l, m)|n, l + 1, m
〉
+ c∗1(n, l, m)|n + 1, l − 1, m
〉
, (2.14)
AX+ |n, l, m〉= (l + 3
2
)c∗0(n, l, m)|n, l + 1, m
〉
, (2.15)
X−A|n, l, m〉= (l + 1
2
)c0(n, l − 1, m)|n, l − 1, m〉, (2.16)
where
c0(n, l, m)=−i
√
(2n + 2l + 3)(l − m + 1)(l + m + 1)(l − Q + 1)(l + Q + 1)
ω(2l + 1)(2l + 3) ,
c1(n, l, m)= i
√
2(n + 1)(l − m)(l + m)(l − Q)(l + Q)
ω(2l − 1)(2l + 1) .
A. Integrals of motion, algebra structure, and unirreps
We now take the combinations
D1 =H+(X−A)2(B − 2), D2 = (B − 2)(AX+)2H−, (2.17)
whose action on the basis vectors shows the increasing and lowering of quantum numbers while
preserving energy E. We have
D1n, l, m〉= (l − 32 )(l − 12)(l + 12 )
√
(n + 1)(n + l − 1
2
)c0(n, l − 1, m)
× c0(n, l − 2, m)n + 1, l − 2, m〉, (2.18)
D2n, l, m〉= (l + 12)(l + 32 )(l + 52 )
√
n(n + l + 1
2
)c∗0(n − 1, l, m)
× c∗0(n − 1, l + 1, m)|n − 1, l + 2, m
〉
. (2.19)
We can also obtain the action of the operators D1D2 and D2D1 on the basis vectors. Then together
with (2.4)–(2.6), we can conclude that on the operator level,
[D1, H]= 0= [D2, H], [D1, L3]= 0= [D2, L3], (2.20)
[B, D1]=−2D1, [B, D2]= 2D2, (2.21)
D1D2 =
B(B + 2)
16384ω6
[2B − 2L3 − 1][2B − 2L3 + 1][2B + 2L3 − 1]
× [2B + 2L3 + 1][2B − 2Q − 1][2B − 2Q + 1][2B + 2Q − 1]
× [2B + 2Q + 1][H + ωB − ω]2[H − ωB − ω][H + ωB + ω], (2.22)
D2D1 =
(B − 2)B
16384ω6
[2B − 2L3 − 3][2B − 2L3 − 1][2B + 2L3 − 3]
× [2B + 2L3 − 1][2B − 2Q − 3][2B − 2Q − 1][2B + 2Q − 3]
× [2B + 2Q − 1][H + ωB − 3ω]2[H − ωB + ω][H + ωB − ω]. (2.23)
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Thus D1, D2, and B form a higher order polynomial algebra with central elements H and L3. In order
to derive the spectrum using the polynomial algebra, we realize this algebra in terms of deformed
oscillator algebra36,37 {ℵ, b†, b} of the form
[ℵ, b†]= b†, [ℵ, b]=−b, bb† =Φ(ℵ + 1), b†b=Φ(ℵ). (2.24)
Here ℵ is the number operator and Φ(x) is well-behaved real function satisfying
Φ(0)= 0, Φ(x)> 0, ∀x > 0. (2.25)
We rewrite [(2.20)–(2.23)] in the form of the deformed oscillator (2.24) by letting ℵ= B2 , b = D1, and
b† = D2. We then obtain the structure function
Φ(x; u, E)= (2x + u)(2x + u − 2)
16384ω6
[E + ω(2x + u − 3)]2[E − ω(2x + u − 1)]
× [E + ω(2x + u − 1)][2(u + 2x) − 2L3 − 3][2(u + 2x) − 2L3 − 1]
× [2(u + 2x) + 2L3 − 3][2(u + 2x) + 2L3 − 1][2(u + 2x) − 2Q − 3]
× [2(u + 2x) − 2Q − 1][2(u + 2x) + 2Q − 3][2(u + 2x) + 2Q − 1], (2.26)
where u is an arbitrary constant. In order to obtain the (p + 1)-dimensional unirreps, we should impose
the following constraints on the structure function:
Φ(p + 1; u, E)= 0, Φ(0; u, E)= 0, Φ(x)> 0, ∀x > 0, (2.27)
where p is a positive integer. These constraints give (p + 1)-dimensional unitary representations and
their solution gives the energy E and the arbitrary constant u. We have the following possible constant
u and energy spectra E, for the constraints ε1 = ±1, ε2 = ±1, and ε3 = ±1:
u=
1
2
(1 + 2ε1m), E = ε2ω2 [2 + ε3(1 + 4p) + 2ε1m], (2.28)
u=
1
2
(1 + 2ε1Q), E = ε2ω2 [2 + ε3(1 + 4p) + 2ε1Q], (2.29)
u=
1
ω
(ω + ε1E), E = ε2ω2 (3 + 2p + 2ε1m), (2.30)
u=
1
ω
(ω + ε1E), E = ε2ω2 (3 + 2p + 2ε1Q). (2.31)
Making the identification p = n, l = m, ε1 = 1, ε2 = 1, and ε3 = 1, the energy spectra (2.28) and (2.30)
coincide with the physical spectra (2.7). The physical wave functions involve other quantum numbers
and we have in fact the degeneracy of p only when these other quantum numbers would be fixed.
III. MIC-HARMONIC OSCILLATOR WITH MONOPOLE IN GENERALIZED TAUB-NUT
SPACE
Let us consider the generalized Taub-NUT metric in R3
ds2 = f (r)dl2 + g(r)(dψ + Aidr)2, (3.1)
where
f (r)= ar2 + b, g(r)= r
2(ar2 + b)
1 + c1r2 + dr4
, (3.2)
A1 =
−y
r(r + z) , A2 =
x
r(r + z) , A3 = 0, (3.3)
r =
√
x2 + y2 + z2 and the three dimensional Euclidean line element dl2 = dx2 + dy2 + dz2, a, b,
c1, d are constants. Here ψ is the additional angular variable which describes the relative phase,
and its coordinate is cyclic with period 4pi.28,38 The functions f (r) and g(r) in the metric represent
gravitational effects and Ai are components of the potential associated with the magnetic monopole
field.
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We consider the Hamiltonian associated with (3.1)
H =
1
2
[
1
f (r)
{
p2 + c0r
2
2
+ c4
}
+
Q2
g(r)
]
, (3.4)
where c0 and c4 are constants. For the values a = 0, b = 1, c1 = 0, d = 0, and c4 = 0, then (3.4) reduces
to (2.1). The operators
pi =−i(∂i − iAiQ), Q=−i∂ψ , (3.5)
satisfying the following commutation relations:
[pi, pj]= i ijkMkQ, [pi, Q]= 0, M= r
r3
. (3.6)
The system with Hamiltonian (3.4) is a Hartmann system in a curved Taub-NUT space with Abelian
monopole interaction. This new system is referred to as the MIC-harmonic oscillator monopole
system. In this section, we solve the Schro¨dinger Sta¨ckel equivalent of the system (3.4) in spherical
coordinates, derive the recurrence relations, and construct higher order integrals and the corresponding
higher order polynomial algebra.
A. Separation of variables
Let us consider the spherical coordinates
x = r sin θ cos φ, y= r sin θ sin φ, z= r cos θ, (3.7)
where r > 0, 0 ≤ θ ≤ pi, and 0 ≤ φ ≤ 2pi. In terms of these coordinates, the Taub-NUT metric (3.1)
takes on the form
ds2 = f (r)(dr2 + r2dθ2 + r2 sin2 θdφ2) + g(r)(dψ + cos θdφ)2, (3.8)
A1 =−1
r
tan
θ
2
sin φ, A2 =
1
r
tan
θ
2
cos φ, A3 = 0. (3.9)
The Schro¨dinger equation of the model (3.4) is
HΨ(r, θ, φ,ψ)= −1
2(ar2 + b)
[
∂2
∂r2
+
2
r
∂
∂r
− c0r
2
2
− c4
+
1
r2
(
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
+ *, 1r2 cos2 θ2 + c1 + dr2+-
× ∂
2
∂ψ2
− 1
r2 cos2 θ2
∂
∂φ
∂
∂ψ
 Ψ(r, θ, φ,ψ)=EΨ(r, θ, φ,ψ). (3.10)
We can write Ψ(r, θ, φ,ψ)= χ(r, θ)ei(ν1φ+ν2ψ). Then we obtain the equivalent system of (3.10) as
H ′ χ(r, θ)ei(ν1φ+ν2ψ) =
[
∂2
∂r2
+
2
r
∂
∂r
+
(
2aE − dν22 −
c0
2
)
r2
+
1
r2
*, ∂
2
∂θ2
+ cot θ
∂
∂θ
− ν
2
1
sin2 θ
+- −
ν22
r2 cos2 θ2
+
ν1ν2
r2 cos2 θ2

× χ(r, θ)ei(ν1φ+ν2ψ) =E ′ χ(r, θ)ei(ν1φ+ν2ψ), (3.11)
where E ′ = c4 + c1ν22 − 2bE and ν1 and ν2 take half integer values. The original energy parameter E
now plays the role of the model parameter and the model parameter c4 + c1ν22 − 2bE plays the role
of energy E ′. This change in the role of the parameters is called coupling constant metamorphosis.
Moreover, the model (3.11) is related to the one in (3.10) by Sta¨ckel transformation and thus the two
systems are Sta¨ckel equivalent.39,40
By making the Ansatz,
Ψ(r, θ, φ,ψ)=R(r)Θ(θ)ei(ν1φ+ν2ψ), (3.12)
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(3.11) becomes the radial and angular ordinary differential equations[
∂2
∂r2
+
2
r
∂
∂r
− E ′ + (2aE − dν22 −
c0
2
)r2 − k1
r2
]
R(r)= 0, (3.13) ∂
2
∂θ2
+ cot θ
∂
∂θ
+
k1 − (ν1 − 2ν2)
2
2(1 + cos θ) −
ν21
2(1 − cos θ)

 Θ(θ)= 0, (3.14)
where k1 is separation constant, k1 > 0 and ν1  2ν2 > 0.
We now turn to (3.14), which can be converted, by setting z = cos θ and Θ(z) = (1 + z)a
(1  z)bZ(z), to
(1 − z2)Z ′′(z) + {2a − 2b − (2a + 2b + 2)z}Z ′(z)
+{k1 − (a + b)(a + b + 1)}Z(z)= 0, (3.15)
where 2a = ν1  2ν2 and 2b = ν1. Comparing (3.15) with the Jacobi differential equation
(1 − x2)y′′ + {β1 − α1 − (α1 + β1 + 2)x}y′ + λ(λ + α1 + β1 + 1)y= 0, (3.16)
we obtain the separation constant
k1 = (l − ν2)(l − ν2 + 1), (3.17)
where l = λ + ν1. Hence the solutions of (3.15) are given in terms of the Jacobi polynomials as
Θ(θ)≡Θlν1 (θ; ν1, ν2)=Flν1 (ν1, ν2)(1 + cos θ)
(ν1−2ν2)
2 (1 − cos θ) ν12
× P(ν1,ν1−2ν2)l−ν1 (cos θ), (3.18)
where P(α,β)λ denotes a Jacobi polynomial,
41 Flν1 (ν1, ν2) is the normalized constant and l ∈N.
The radial equation (3.13) can be converted, by setting z = εr2, R(z)= z 12 (l−ν2)e− z2 R1(z), and
ε2 = c02 − 2aE + dν22 , to
z
d2R1(z)
dz2
+
{
(l − ν2 + 32) − z
}
dR1(z)
dz −
{
1
2
(l − ν2 + 32) +
E ′
4ε
}
R1(z)= 0. (3.19)
Set
n=
ν2
2
− E
′
4ε
− l
2
− 3
4
. (3.20)
Then (3.19) can be identified with the Laguerre differential equation. Hence we can write the solution
of (3.13) in terms of the confluent hypergeometric polynomial as
R(r)≡Rnl(r; ν1, ν2)=Fnl(ν1, ν2)(εr2) 12 (l−ν2)e −εr
2
2
×1F1(−n, l − ν2 + 32 ; εr
2), (3.21)
where Fnl(ν1, ν2) is the normalized constant. In order to have a discrete spectrum, the parameter n
needs to be a positive integer. From (3.20),
ε =
−E ′
4n + 2l − 2ν2 + 3 (3.22)
and hence the energy spectrum of the system (3.4) is given by
2bE − c1ν22 − c4√
c0
2 − 2aE + dν22
= 4n + 2l − 2ν2 + 3, n= 1, 2, 3, . . . (3.23)
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B. Ladder operators and recurrence approach
The solutions of the eigenfunction for the equation H ′Ψ = E ′Ψ of the form Ψ(r, θ, φ,ψ)
=ψ
l−ν2+ 12
n Θ
(ν1,ν1−2ν2)
l−ν1 e
i(ν1φ+ν2ψ) are given by
ψ
l−ν2+ 12
n = e
−εr2
2 rl−ν2 Ll−ν2+
1
2
n (εr2), (3.24)
Θ
(ν1,ν1−2ν2)
l−ν1 = sin
ν1
θ
2
cosν1−2ν2
θ
2
P(ν1,ν1−2ν2)l−ν1 (cos θ), (3.25)
where Lαn is the nth order Laguerre polynomial, P
(β,γ)
λ is the Jacobi polynomial,
41 n= ν22 − E
′
4ε − 34 − l2 ,
and ε2 = c02 − 2aE + dν22 . The energy eigenvalues of the equation H ′Ψ = E ′Ψ are
E ′ =−ε(4n + 2l − 2ν2 + 3). (3.26)
Let us now construct the ladder operators based on the radial part of the separated solutions using
differential identities for Laguerre functions41
K+l−ν2+ 12 ,n
=
1
r
(B − Q + 1)∂r − H
′
2
+
1
r2
(B − Q + 1)(B − Q − 1
2
), (3.27)
K−l−ν2+ 12 ,n
=−1
r
(B − Q − 1)∂r − H
′
2
− 1
r2
(B − Q − 1)(B − Q + 1
2
) (3.28)
and the shift operators based on the angular functions using Jacobi function identities41
J+l−ν1 =−2(B − Q +
1
2
) sin θ∂θ − 2(B − Q + 12 )
2 cos θ − 2Q(L3 − Q), (3.29)
J−l−ν1 = 2(B − Q −
1
2
) sin θ∂θ − 2(B − Q − 12)
2 cos θ − 2Q(L3 − Q). (3.30)
Here B=
√
L2 + 14 as in Sec. II. The action of the operators on the corresponding wave functions
provides the following recurrence formulas:
K+l−ν2+ 12 ,n
ψ
l−ν2+ 12
n =−2ε2ψl−ν2+
5
2
n−1 , (3.31)
K−l−ν2+ 12 ,n
ψ
l−ν2+ 12
n =−2(n + 1)(n + l − ν2 + 12 )ψ
l−ν2− 32
n+1 , (3.32)
J+l−ν1Θ
(ν1,ν1−2ν2)
l−ν1 =−2(l − ν1 + 1)(l − ν1 − 2ν2 + 1)Θ
(ν1,ν1−2ν2)
l−ν1+1 , (3.33)
J−l−ν1Θ
(ν1,ν1−2ν2)
l−ν1 =−2l(l − 2ν2)Θ
(ν1,ν1−2ν2)
l−ν1−1 . (3.34)
C. Integrals of motion, algebra structure, and spectrum
Let us now consider the suitable operators
D1 =K+l−ν2+ 12 ,n
J+l−ν1+1J
+
l−ν1 B, D2 =BJ
−
l−ν1 J
−
l−ν1−1K
−
l−ν2+ 12 ,n
. (3.35)
The explicitly action of the operators Di, i = 1, 2 on the wave functions is given by
D1Ψ(r, θ, φ,ψ)=−8ε2l(l + 1)(l − ν1 + 1)(l − ν1 − 2ν2 + 1)(l − ν1 + 2)
×(l − ν1 − 2ν2 + 2)ψl−ν2+
5
2
n−1 Θ
(ν1,ν1−2ν2)
l−ν1+2 e
i(ν1φ+ν2ψ)
, (3.36)
D2Ψ(r, θ, φ,ψ)=−8l(l − 1)(l − 2ν2)(l − 2ν2 − 1)(l − 32 )(n + 1)
×(n + l − ν2 + 12 )ψ
l−ν2− 32
n+1 Θ
(ν1,ν1−2ν2)
l−ν1−2 e
i(ν1φ+ν2ψ)
. (3.37)
We can also obtain the action of the operators D1D2 and D2D1 on the wave functions. It follows in the
operator from construction that they form an algebraically independent set of differential operators
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and there has a common feature of superintegrable systems to close polynomially symmetry algebra.
Direct computation shows that they form higher order polynomial algebra
[D1, H ′]= 0= [D2, H ′], [H ′, L3]= 0= [H ′, B], (3.38)
[B, D1]= 2D1, [B, D2]=−2D2, (3.39)
D1D2 =
B − 2
256 (2B − 5)(2B − 3)
2(2B − 2L3 − 4Q − 1)
×(2B − 2L3 − 1)(2B − 4Q − 3)(2B − 4Q − 1)
×(2B − 2L3 − 4Q − 3)(2B − 1)(2B − 2L3 − 3)
×[H ′ − 2ε(B − Q − 1)][H ′ + 2ε(B − Q − 1)], (3.40)
D2D1 =
B
256(2B − 1)(2B + 1)
2(2B − 2L3 − 4Q + 3)
×(2B − 2L3 + 3)(2B − 4Q + 1)(2B − 4Q + 3)
×(2B − 2L3 − 4Q + 1)(2B + 3)(2B − 2L3 + 1)
×[H ′ − 2ε(B − Q + 1)][H ′ + 2ε(B − Q + 1)]. (3.41)
We rewrite [(3.38)–(3.41)] in the form of deformed oscillator algebra (2.24) by letting ℵ= B2 ,
b† = D1, and b = D2. We then obtain structure function
Φ(x; u, H ′)= (2x + u − 2)
256 [2(2x + u) − 3]
2[2(2x + u) − 2L3 − 1]
×[2(2x + u) − 1][2(2x + u) − 2L3 − 3][2(2x + u) − 5]
×[2(2x + u) − 2L3 − 4Q − 3][H ′ − 2ε{(2x + u) − Q − 1}]
×[2(2x + u) − 4Q − 1][H ′ + 2ε{(2x + u) − Q − 1}]
×[2(2x + u) − 4Q − 3][2(2x + u) − 2L3 − 4Q − 1], (3.42)
where u is an arbitrary constant to be determined. We should impose the following constraints on the
structure function in order to obtain finite dimensional unirreps:
Φ(p + 1; u, E ′)= 0, Φ(0; u, E ′)= 0, Φ(x)> 0, ∀x > 0, (3.43)
where p is a positive integer. These constraints give (p + 1)-dimensional unitary representations and
their solutions give the energy E ′ and the arbitrary constant u. We have all the possible energy spectra
and structure functions as
u=
ε1E ′ + 2ε(1 + ν2)
2ε
, E ′ =−ε(4p − 2ν1 + 2ε2ν2 + 3) (3.44)
Φ(x)= 2ε2[2x − 2p + (ε2 − 1)ν1 − 2][2x − 2p + (ε2 − 1)ν1 − 2ν2 − 2]
×[4x − (4p + 2ε2ν1 + 2ν2 + 3)(1 + ε1)][2x − 2p + ε2ν1 − 2ν2 − 1]
×[4x − (4p + 2ε2ν1 + 2ν2 + 3)(1 − ε1)][2x − 2p + ε2ν1 − 2ν2 − 2]
×[2x − 2p + ε2 − 2][2x − 2p + ε2ν1 − 3][2x − 2p + ε2ν1 − 1]
×[4p − 2x + 2ε2ν1 + 5][2x − 2p + ε2ν1 − 2]2
×[2x − 2p + (ε2 − 1)ν1 − 2ν2 − 1], (3.45)
where ε1 = ±1, ε2 = ±1. The coupling constant metamorphosis provides E ′↔ c4 + c1ν22 − 2bE and
ε2↔ c02 − 2aE + dν22 . Hence we have the energy of the original Hamiltonian
2bE − c1ν22 − c4√
c0
2 − 2aE + dν22
= 4p − 2ν1 + 2ε2ν2 + 3. (3.46)
Making the identifications p = n,  ν1 = l, ε1 = 1, and ε2 = 1, then (3.46) coincides with the physical
spectra (3.23).
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IV. CONCLUSION
One of the main results of this paper is the construction via a recurrence method of the higher order
integrals of motion and higher order polynomial algebra for the MIC-harmonic oscillator systems
with monopole interactions in both flat space and curved Taub-NUT space. The method is systematic
and well constructed based on wave functions of the systems. To our knowledge, this is the first
application of the recurrence approach in superintegrable monopole systems.
Let us point out that superintegrable systems with monopole interactions and their polynomial
algebras are largely unexplored areas.42 It is interesting to generalize the results to systems with
non-Abelian monopole interactions. Research in the superintegrable system with the Yang-Coulomb
monopole is underway and the results will be presented elsewhere.
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